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ABSTRACT. The aim of this paper is to develop a constraint algorithm for
singular classical field theories in the framework of k-cosymplectic geometry.
Since these field theories are singular, we need to introduce the notion of
k-precosymplectic structure, which is a generalization of the k-cosymplectic
structure. Next k-precosymplectic Hamiltonian systems are introduced in or-
der to describe singular field theories, both in Lagrangian and Hamiltonian
formalisms. Finally, we develop a constraint algorithm in order to find a sub-
manifold where the existence of solutions of the field equations is ensured. The
case of affine Lagrangians is studied as a relevant example.

1. Introduction. Many theories in modern physics can be formulated using the
tools of differential geometry. The natural framework for autonomous Hamiltonian
mechanical systems is symplectic geometry [1], whereas its nonautonomous coun-
terpart can be nicely described using cosymplectic or contact geometry [6, 1]. These
two formulations admit straightforward generalizations to first order classical field
theory using k-symplectic and k-cosymplectic structures, which are the generaliza-
tion to field theories of the autonomous and nonautonomous cases in mechanics
[3, 22, 15]. A more general framework for classical field theories can be built up by
using multisymplectic geometry (see [27] and references therein; see also [26] for an
analysis of the relationship among these formulations).

Singular systems are important because of their role in modern physics, in me-
chanics and especially in field theory. In fact, some of the most important physical
theories are singular; for instance, Maxwell’s theory of electromagnetism, general
relativity, string theory and, in general, all gauge theories. The main problem of
singular theories is the failure of usual existence and uniqueness theorems for the
solutions of the differential equations which describe them. This problem is usually
solved by finding a submanifold of the phase space manifold of the system where
the existence of solutions is ensured. This can be done by applying the so-called
constraint algorithms.
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P.G. Bergmann and P.A.M. Dirac were the first to develop a constraint algorithm
to solve the problem for the Hamiltonian formalism of singular mechanics [2, 8].
These works were written using a local coordinate language and they were later
generalized to other situations (see, for instance, [4, 28, 29]). Many people worked
in the geometric version of this algorithm, both for the Hamiltonian and Lagrangian
formalisms. Some of the most relevant contributions in this way are [10, 11, 12, 23,
24, 30], which dealt with several geometric formulations of autonomous mechanics.
This was later generalized to nonautonomous systems [7, 18, 13]. These constraint
algorithms were adapted to singular field theories in the multisymplectic [17, 19]
and the k-symplectic [14] frameworks.

The k-symplectic formulation, in a certain sense, corresponds to autonomous
mechanics. The non-autonomous analogue of it, namely, field theories where the
Lagrangian or the Hamiltonian functions depend on the coordinates of the base
manifold, is provided by the k-cosymplectic formulation. The aim of this article
is to complete this program by developing a constraint algorithm for singular field
theories in the framework of k-cosymplectic geometry. Since these field theories are
singular, we need to introduce the notion of k-precosymplectic structure, which is
a generalization of the k-cosymplectic structure, and also define k-precosymplectic
Hamiltonian systems. Then we will develop a constraint algorithm, similar to those
mentioned above, in order to find a constraint submanifold where the existence of
solutions to the field equations is ensured.

The paper is organized as follows: Section 2 is devoted to review several prelim-
inary concepts. In particular, first we introduce k-vector fields and their integral
sections, and next we review the main features about k-cosymplectic geometry. In
Section 3, k-precosymplectic manifolds are introduced; they are the model of the
phase spaces for k-cosymplectic field theories described by singular Lagrangians.
We define the concept of a k-precosymplectic manifold, we introduce Darboux co-
ordinates in these manifolds, and we prove the existence of Reeb vector fields for
them and discuss conditions for their uniqueness. These structures are used in Sec-
tion 4 to present the k-cosymplectic formulation of nonautonomous classical field
theory, both in the Lagrangian and the Hamiltonian formalisms. Section 5 is de-
voted to present the constraint algorithm for k-precosymplectic field theories, which
is a generalization of the algorithm for k-presymplectic field theories developed in
[14]. Finally, in Section 6 some examples are discussed: first, the Lagrangian and
Hamiltonian formalisms for the case of affine Lagrangians in general (including a
particular model) and second, a simple model derived from the vibrating string,
both in the Lagrangian and Hamiltonian formalisms.

Throughout the paper all the manifolds and mappings are assumed to be smooth.
Sum over crossed repeated indices is understood.

2. Preliminaries: k-cosymplectic geometry. In this section we review the no-
tions of k-vector field and its integral sections, as well as some general concepts on
k-cosymplectic geometry. Some references on these topics are [22, 20, 21].

2.1. k-vector fields and integral sections. Let M be an m-dimensional smooth
manifold and its tangent bundle 7: TM — M. The tangent bundle of k!-

velocities is defined as the Whitney sum TklM =TM ®p . @y TM, with the
canonical projection 7%: T M — M.
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Definition 2.1. A k-vector field X on M is a section of the projection 7%. We
denote by X¥(M) the set of all k-vector fields on M.

Notice that using the diagram

TklM
x ko
M—=TM

every k-vector field X’ can be decomposed as X = (X7, ..., X}), where X, € X(M).

Definition 2.2. Let X = (X1,...,Xk) be a k-vector field on M. An integral
section of X passing through p € M is a map ¢: U C R¥ — M, with 0 € U, and
such that

(1) ¢(0) =
(2) ngp(a? ) = X, (p(x)), for every x € U, for all 1 < a < k, and where {z*}

are the canonical coordinates in R¥.
2.2. k-cosymplectic geometry.

Definition 2.3. [22] Let M be a manifold of dimension m = k(n+ 1) + n. A k-
cosymplectic structure on M is a family (n%*, w®,V;1 < «a < k), where each n®
is a closed 1-form, each w® is a closed 2-form and V' is an integrable nk-dimensional
distribution on M satisfying

(1) 771 AREE /\nk 7é 07 na‘v = 07 wa|V><V = Oa

(2) (ﬂizl ker 77"‘) N (ﬂizl kerwo‘) = {0}, dim (m2:1 ker wo‘) =k.

Then, (M,n*,w®*,V) is said to be a k-cosymplectic manifold.

In particular, if & = 1, then dimM = 2n + 1 and (n!,w!) is a cosymplectic
structure on M.

Definition 2.4. Let (M,n%*, w®, V) be a k-cosymplectic manifold. Then there exists
a family of k vector fields {RR,, }, which are called Reeb vector fields, characterized
by the following conditions

ir.n® =67, ip.w®=0. (1)

Theorem 2.5 (Darboux theorem for k-cosymplectic manifolds). Let (M,n*,w®, V)
be a k-cosymplectic manifold. Then around each point of M there exist local coor-
dinates (%, y*, y®) with 1 < a < k,1 <i <n such that

N =dz®, w*=dy' Ady], V:<ayil,...,ay§>i n.

=1,...,

These are the so-called Darboux or canonical coordinates of the k-cosymplectic
manifold M.

Proof. The proof of this theorem can be found in [20]. O
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Given a k-cosymplectic manifold (M, n%, w*, V'), we can define two vector bundle
morphisms

b: TIM — (T})*M
X — (inwl+(iX1771)7717"'7ikak+(7;Xk,77k)nk)
and
b: TIM — T*M
X o ix w + (ix N

Remark 1. Notice that b = tr(g), and hence in the case k = 1 we have that b = b
which is the b morphism defined for cosymplectic manifolds.

Taking Darboux coordinates, the Reeb vector fields are

0

Az’

2.3. Trivial k-cosymplectic manifolds. A trivial example of k-cosymplectic man-
ifold is provided by the cartesian product of the euclidean space R* with a k-
symplectic manifold. Remember that a k-symplectic manifold is an n(k + 1)-
dimensional differentiable manifold N endowed with a k-symplectic structure, that
is, a family (w!,...,@" V), where V is an nk-dimensional integrable distribu-
tion in N and w',...,w" are closed differentiable 2-forms in N satisfying that:

Ra =

k
w® =0,(1 <a<k),and ﬂ kerw® = {0}. Then, using the canonical
VXV o1
projections
mge: RF x N — R, an:REXN — N
we can define differential forms
n® = mg (dz®), w® =nyw,

and the distribution V in N defines a distribution V in M = R¥ x N in a natural
way. All conditions given in Definition 2.3 are satisfied, and hence M = R¥ x N
endowed with the k-cosymplectic structure (n%, w®, V) is a k-cosymplectic manifold.

Then, the simplest model of k-cosymplectic manifold is the so called stable
cotangent bundle of k'-covelocities of an n-dimensional manifold @, denoted
as RF x (T1)*Q, where (T})*Q is the Whitney sum of k copies of the cotangent

k
bundle of @, i.e. (T})*Q =T*Q&¢ ® ®¢ T*Q (compare with the definition of the

tangent bundle of k'-velocities). Thus, the elements of R* x (T}})*Q are of the form
(x,v1,,...,,) where z € R*, ¢ € Q and Vo, € Ty Q where 1 < a < k.
In the following diagram we collect the projections we use from now on:

a TRk Q
R* x
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If (¢%), with 1 < i < n, is a local coordinate system defined on an open set
U C @, the induced local coordinates (z%,¢%,p$), 1 <i <n, 1 < a < kon
RF x (TH*U = ((mg)1)” " (U) are given by

coy U,) = 2%(x) = 2,

)

Thus, R¥ x (T})*Q is endowed with a k-cosymplectic structure and thus it is a
k-cosymplectic manifold of dimension k + n(k + 1), which has the structure of a
vector bundle over @) with the projection (7¢g);.

On R* x (T}})*Q we can define a family of canonical forms:

n® = (m)'de, 0% =(n3)"0, W =(13)"w,

with 1 < a < k, being 7{: RF x (T})*Q — R and 7§: R¥ x (T})*Q — T*Q the
projections defined by

«
% (x, v,

qi(xaqu7 ceey qu) = qZ(Q)7

0
p?(xaqua'--;ykq) = Vozk(aqi

(2, vy, Vk,) = 2%, T (T, U1y - vy Vhy) = Vay,

and 0 and w are the canonical Liouville and symplectic forms on T*Q), respectively.
Observe that, since w = —df, then w® = —d#*.

If we consider a local coordinate system (z%, ¢, p%) on R* x (T}})*Q, the canon-
ical forms n“, §* and w® have the following local expressions:

n* = da®, 0 = pf‘dqi, w® =dg* A dpy* .

Moreover, let V' = kerT(mg)1,0. In local coordinates, the forms n® and w® are
closed, and the following relations hold:

(1) dz' A---Ada® £ 0, dz?]y, =0, wy .y =0,
(2) (Mo kerda®) 0 (NfZ kerw® ) = {0}, dim (i, kerw® ) = k.

Remark 2. Notice that the canonical forms on (7}})*Q and R* x (T}1)*Q are (72)*-
related.

3. k-precosymplectic manifolds. In the same way as k-presymplectic manifolds
generalize k-symplectic manifolds, k-precosymplectic manifolds are a generalization
of k-cosymplectic manifolds when some degeneracy is accepted in the 2-forms of the
structure.

Definition 3.1. Let M be a differentiable manifold of dimension k(n+ 1) +n — ¢
(with 1 < ¢ < nk). A k-precosymplectic structure in M is a family (n®, Q*, V),
1 < a <k, where n® are closed 1-forms in M, w® are closed 2-forms in M such that
rank w® = 2r,, with 1 < r, <n, and V is an integrable nk-dimensional distribution
in M satisfying that:

(L) P A AR £0, 9%y =0, wvxy =0,

k
(2) dim (ﬂ kerwg‘) >k (for every pe M) .
a=1

A manifold M endowed with a k-precosymplectic structure is said to be a k-
precosymplectic manifold.
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In particular, if k = 1, then dim M = 2n + 1 — £ and (M, n',w!) is a precosym-

plectic manifold as is defined in [16], and the so-called gauge distribution is given
by ker w' Nkern?.
Example As in the regular case, a simple example of k-precosymplectic manifold
can be constructed from a k-presymplectic manifold. Recall that a k-presymplectic
manifold is a family (P,w®,V) where w® are closed 2-forms in P and V is a nk-
dimensional integrable distribution satisfying @w®|,,,, = 0 for every 1 < a < k.

Under these hypothesis, the product manifold R¥ x P is a k-precosymplectic
manifold taking n® = 7*dt® where ¢ are the canonical coordinates in R* and 7 is
the canonical projection R x P -5 R¥ and w® = n*w® where 7 is the canonical
projection R¥ x P =5 P. In the description of the algorithm, we will ask our
manifolds to be of this type in order to have the problem well defined.

In Definition 3.1 we have imposed the condition of the existence of a distribution
V because it is precisely the existence of this distribution what ensures the existence
of Darboux coordinates in the regular case. It is still an open problem to characterize
the conditions for their existence in the singular case. However, from now on we will
assume the existence of Darboux coordinates around every point (as it happens, for

instance, in the previous example). In more detail, let M be a k-precosymplectic
k

manifold such that rank w® = 2r,, with 1 <r, <nand d = kn— Z ro —£; around
every point p € M, we assume the existence of a local chart of cooé):rélinates
(Z/lp;xa,yi,yi,zj) i 1<a<k,1<i<n,ia€l,C{l,...,n},1<j<d,
such that

Ny, = dz?, Wy, = dy’e A dys*
o 0 k - . 0
Viu, = <8yf;’ 62'j>7 [(Qlkern )N (Qlkerw )] |up = <8z3> .

To discuss Hamilton’s equations we will need the Reeb vector fields R,,, defined
by Eq. (1). We already mentioned that they are unique in the k-cosymplectic case.
Now we are going to prove their existence in the singular case, although they will
not be unique.

Proposition 1. Given a k-precosymplectic manifold (M, w®,n*, V) with Darboux
charts, there exists a family Y1,..., Yy € X(M) of vector fields satisfying

iyawﬁ = 0,

iya T]ﬁ = 55
Proof. Consider a partition of unity {(U,¥x)}rea on M such that on every Uy, we
have Darboux coordinates {z¢, yi,y;?; Bt z}}. Consider now the local vector fields

0
Y} = ——. These vector fields satisfy

oz
Zya/\o.)ﬁ = 0,
iyan® =8}
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on U,. Using these vector fields, we can define global vector fields

S JU@Y2(p) ifp e Uy,
Ya(p>_{0 it p ¢ U

With these global vector fields we can construct global vector fields Yo, = )y }N/Z‘
which satisfy

iy,w’ =0,

iv,n’ =05,

for every o, 6 =1,...,k. O

The vector fields provided by this proposition are not necessarily unique. In fact,
the Reeb vector fields can be written in Darboux coordinates as

0

Ro = ——
Oox~

.0
+ Déﬁ
for arbitrary coefficients DJ.
Remark 3. Nevertheless, sometimes one can impose some extra conditions that
determine the Reeb vector fields uniquely. Consider for instance the situation
where the k-precosymplectic manifold M is of the type RF x P, where P is a
k-presymplectic manifold.

The canonical vector fields 820 of R* can be lifted canonically to vector fields on
the product R* x P. These vector fields are denoted also by 620 and are a family
of Reeb vector fields of the k-precosymplectic manifold R¥ x M.

4. k-cosymplectic formulation of nonautonomous field theories. The k-
cosymplectic formulation allows to describe field theories where the Lagrangian or
the Hamiltonian functions depend explicitly on the coordinates of the basis (space-
time coordinates or similar). Therefore it is a generalization of the k-symplectic
formulation, where these coordinates do not appear explicitly [22]. It is also the
generalization of the standard cosymplectic formalism for non-autonomous mechan-
ics [6].

Next we review the main features of the Lagrangian and Hamiltonian formalisms
in this formulation (see [22, 20, 21, 25] for details).

4.1. k-cosymplectic Hamiltonian formalism.

Definition 4.1. Let (M,w®, 7, V) be a k-cosymplectic manifold and let v € Q (M)
be a closed 1-form on M, which will be called the Hamiltonian 1-form. The family
(M,w* n*,V,7) is a k-cosymplectic Hamiltonian system.

A k-vector field X = (Xi,...,X;) € X*(M) is said to be a k-cosymplectic
Hamiltonian k-vector field if it is solution to the system of equations

ix,w* =7—7(Ra)n"
ixﬁno‘ = (Sg

(2)

We use the notation X € X¥(M).

Notice that when & = 1 we recover the equation of motion for a cosymplectic
Hamiltonian system [7, 18].

As v is a closed 1-form, by Poincaré’s Lemma there exists a local function h such
that v = dh.
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Using the b morphism defined in the previous sections, we can write equations
(2) as

{Wc) =7+ (1 =(Ra))n" )

ix,n” = 85
Consider an arbitrary k-vector field X = (X, ) € X*(M), which in a canonical chart
is expressed as
7] ;0 7]
P 4+ (By) == + (Co)! —
axﬁ+( Ot) aql ( a)z 8p3’

i

Xoc:(Aa) ISOKSk

Imposing equations (2), we get the conditions
(Aa)ﬂ = 6&7
Oh ,
= Ba 7’7
= (Ba) (4)

apy
aq ZB 1(06)2 )

oh

where 1 <¢ < m and 1 < a < k. Notice that these conditions do not depend on the
choice of the Reeb vector fields. However, we need the Reeb vector fields to write
the system of equations (2). In remark 3 we discussed how to choose a family of
Reeb vector fields.

If ¢ : RF — RF x (T}}) *Q, locally given by ¥(z) = (¥(z), ¢ (z), v (z)), is
an integral section of X, then, from (4), we obtain that ¢ is a solution to the
Hamiltonian field equations

h Zaw oh v
ore’  Opy Oz’

4.2. k-cosymplectic Lagrangian formalism. Consider the tangent bundle of k-
velocities T} @, with coordinates (¢, v%,). For a vector X, at Q, its vertical a-lift
(X,)® is defined as the vector on T} Q given by

d

(Xg)*(V1gy---sUkg) = £(v1q, s Va—1gVaq + 8X g, Vatgs -« Vkq)loco >
where (vig,...,vq) € TEQ. In local coordinates, if X, = ai? , then (X,) =
q’lq
a ('94
a’UZ’l v
The canonical k-tangent structure on 7T} Q is the set (J',..., J¥) of tensor

fields of type (1,1) defined by
J()(Zy) = (T,79(Z,))*  for every Z, € T,(T{Q), v= (Vigs-- -1 Ukg) € THQ .

0 )
In local coordinates we have that J* = — ® dq".

(03

Furthermore, we have the Liouville vector fields A, € X(T; le), which are the
infinitesimal generators of the flows

RxTLQ — TiQ
(8, (Vigs- v Ukg)) —> (Vigy--- s Va—14,€" Vags Vatly - - - s Vkq) -
. ; 0
We denote A =3 A,. In local coordinates A, = Z vy, =
- ov?,



CONSTRAINT ALGORITHM FOR FIELD THEORIES 9

Consider now the phase space R x T!Q. The canonical structures J and the
Liouville vector fields A, can be trivially extended from T}Q to R* x T1Q, and are
denoted also by J* and A,. If (2%, ¢*,v!,) are the natural coordinates in R* x T} Q,
their local expressions are the same as above. Using them, we can define:

Definition 4.2. A k-vector field X € X*(R* x T} Q) is a second order partial
differential equation (SOPDE) if it satisfies the following conditions:

(1) J¥(Xa) = Aq for a fixed, with 1 < o < k;

(2) ix,n® = dg for every 1 < a, B < k.

The local expression of a SOPDE X = (X1,..., X) is
.0 .0

Xo=—+v,—+Xa)sg— . 5

e + g s (5)

Definition 4.3. Let ¢: RF — @, the first prolongation ¢! of ¢ is the map
MR — RF xTIQ

9 0
v @iaen = (=m0 (55 ) me (5, )

The section ¢! is said to be a holonomic section. In coordinates

P, ) = (xl,...vxk,qsi(x) o8 <x>> .

" Oz

Proposition 2. If ¥ = (Xy,...,Xy) is an integrable SOPDE, then a map ¥ :
RF — R* x TLQ, given by (z) = (v (x), ¥ (x), ¥ (7)), is an integral section of
(X1,...,Xk) if, and only if,

1/)a('r) =z 5 ¢(Zx(m) = (c):fa (Z‘) ’ azagxﬁ

In this case, ¥ s a holonomic section.

(z) = (Xa)5(¥(x)). (6)

Observe that if X = (X1, ..., X}) is integrable, from (6) we deduce that (Xa)iﬁ =
(X5)a-
A Lagrangian function is a function L: R* x T} Q) — R. From it one can define
a family of 1-forms 6} ,...,0% € QY(R* x T Q) as
¢ =dLoJ%,
and from these 1-forms one can define the so-called Poincaré—Cartan 2-forms
w = —db7.
These forms, together with the vertical tangent distribution V' = ker T (mgs )10,

define a k-precosymplectic structure (dz®,w®, V) on RF x T,iQ.

Definition 4.4. Let L be a Lagrangian function on R¥ x T}Q. We say that L is
a regular Lagrangian if, for every 1 < a,3 < k and every p € R* x TLQ, the

2L
matrix — (p) is invertible. Otherwise, L is a singular Lagrangian.
U&avé 1<i<n

1<j<n
Proposition 3. A Lagrangian function L: R¥ x TLQ — R is regular if and only if
(dz®,w®, V) is a k-cosymplectic structure on RF x Tle.
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Proof. Taking coordinates, it is easy to see that the forms w{ are nondegenerate if

and only if the matrix
0%L
- - p
(5‘%81}%) 19§£ )

1252n

is invertible for every 1 < a, 8 < k and every p € R* x T}Q. O

Definition 4.5. We say that a k-vector field X of R* x Tle is a k-cosymplectic
Lagrangian k-vector field if it is a solution to equations

) o oL .
IxX, Wy = dEL + %dx 5 (7)
ix,dr® = (53,

where E;, = A(L) — L. We denote by X% (RF x T} Q) the set of all k-cosymplectic
Lagrangian k-vector fields.

Equations (7) are called k-cosymplectic Lagrangian equations.

Notice that if L is regular, then (dz®,w$,V) is a k-cosymplectic structure on
R* x T!Q. We denote by RE the corresponding Reeb vector fields. Hence, if we
write the k-cosymplectic Hamilton equations for the system (R x TQ, dz®, w¢, L)
we get
ixaw% = dEL — Rﬁ(EL)dxo‘, 8)

ix,da® = 0F, (
which are equivalent to (7).

If X is an integrable SOPDE which is a solution to (8), then its integral sections

are solutions to the Euler-Lagrange equations for L

i( 82L 2L O 2L 9% > oL
p)

2odvi, | DI dvi D> ayéavé dxedzP | ~ oqt -

a=1

We saw in the Hamiltonian framework that the Reeb vector fields appear in the

equations but do not appear in the solutions. In the Lagrangian framework one can

go a step further and write the system of equations (8) without the Reeb vector
fields [5]. Consider the following Poincaré—Cartan 1-forms:

¢ =09+ (65L — A%(L)) dt” |

where A = vb% Defining Q¢ = —dO¢, the system of equations (8) can be
written as ¢

ix, Q¢ =(k—1)dL,

ix,dz® = 0f,
which is equivalent to (7). To our knowledge, this rewriting without Reeb vector
fields cannot be done in the Hamiltonian framework.

4.3. The Legendre map. Given a Lagrangian L: R¥ x T!Q — R the Legendre
map FL: R¥ x THQ — RF x (T}}) *Q is defined as follows:

FL(t,v1gs .. 0kg) = (Lo [FL(E v1g, .o, k)], -0 0)

where

o d
[‘FL(tavlqv R vkq)]q (uq) = %

OL(t,vlq,...,vaq+5uq,...,vkq) ;o uq € TQ .
s=
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It is locally given by

D . OL
FL: (%, q¢"vy) — (to‘,qz,i > .
v

[0

Let us observe that the Lagrangian forms can also be defined as ¢ = FL *0“ and
w¢ = FL*w*.

The Lagrangian function L is regular if, and only if, the corresponding Legendre
map FL is a local diffeomorphism. In the particular case that FL is a global
diffeomorphism, L is said to be a hyperregular Lagrangian.

A singular Lagrangian L is called almost-regular if P := FL(T}Q) is a closed
submanifold of R¥ x (T}}) *@, the Legendre map FL is a submersion onto its image,
and the fibres FL~(FL(v)), for every v € R¥ x T Q, are connected submanifolds
of R¥ x T} Q. In this last case, there exists a Hamiltonian formalism associated with
the original Lagrangian system, which is developed on the submanifold P.

Remark 4. If L is regular, (dt®,w®, V) is a k-cosymplectic structure on R* x T} Q,

where V' = ker Ty = < is the vertical distribution of the vector bundle

o,
TR xQ R* x TLQ — RF x Q. If L is almost-regular, then P is a k-precosymplectic
manifold with the k-precosymplectic structure inherited from the above one.

5. Constraint algorithm for k-precosymplectic field theories. In this section
we generalize the algorithm developed in [14] for k-presymplectic field theories to
the case of k-precosymplectic field theories.

We are going to consider k-precosymplectic manifolds M = RF x P where P
is a k-presymplectic manifold. These manifolds have Darboux coordinates and we
also have uniquely determined a collection of Reeb vector fiels Rq,...,Rg. These
cases are the most usual appearing in the applications of the k-symplectic and
k-cosymplectic formulation in classical field theories and applied mathematics.

In the same way as for k-cosymplectic field theories, we define:

Definition 5.1. A k-precosymplectic Hamiltonian system is given by a family
(M,w*, n*,V,7), where (M,w®,n*, V) is a k-precosymplectic manifold where M =
R* x P and P is a k-presymplectic manifold and v € Q'(M) is a closed 1-form
called the Hamiltonian 1-form. Since 7 is closed, by Poincaré’s Lemma, v = dh
for some h € C*>(U), U C M, which is called a local Hamiltonian function.

A k-vector field X = (X1, ..., X) € X*(M) is said to be a k-precosymplectic
Hamiltonian k-vector field if it is a solution to the system of equations

ix,w® =7 —7(Ra)n,
@'XJ?B = 657
The solutions to the field equations defined by the k-presymplectic Hamiltonian

system (M, w®,n®,V,~) are the integral sections of these k-precosymplectic Hamil-
tonian k-vector fields.

Remark 5. Notice that in the case £ = 1, we recover the case of singular non-
autonomous mechanics studied in [7]. In that case, the Poincaré—Cartan 2-form is
widely used in the development of the constraint algorithm.

We want an algorithm that allows us to find a submanifold N < M where the
system of equations (2) has solutions tangent to N. In order to find this submanifold
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N (if it exists!) we develop an algorithm which introduces some constraints in every
step that provides us a sequence of submanifolds

e My My = My — M

which in favorable cases will end in the final constraint submanifold N. Notice
that this manifold may be a union of isolated points (dim N = 0) or be empty.
These cases have no interest for us, we are only interested in cases where we have
a final constraint submanifold of dimension greater than 0.

Theorem 5.2. Consider a k-precosymplectic Hamiltonian system (M,w®,n*,V,~),
a submanifold C — M and a k-vector field X: C — (T})cM such that X, € (T}}),C
for every p € C. Under this setting, the following two conditions are equivalent:

(1) There exists a k-vector field X = (X,): C — (I})cM tangent to C such that
the system of equations

ix,w* =7—7(Ra)n®, (©)
iXQTIB = 5(€7

holds on C.
(2) For every p € C, there exists Z, = (Za)p € (T}),C such that, if 7, =
Yp(Rap)ny » then

iz, =00 . D ni 4 =b(2,) .

Proof. Consider the k-vector Z, = X, € (T}),C. It is clear that iz, nJ = 65 for
every p € C' and that

D(2p) =iz, ,ws + (iz,, 15N =Fp + 0.

Conversely, let us suppose that for every p € C, there exists 2, € (T}),C such
that iz, 1S = 65 and b(Z,) = 3, + >, 75 Let p € C. We consider a Darboux
chart (U, {z, ", yf;,zj}) around p and hence,

n® = da?,
wt =y dy' Adyg,
i€l
oh ., Oh oh oh . .
= —dy dys + —da® + —dz’.
7 oy* 4 +8y-0‘ y’“+8xa o +82J :

Ta
In these Darboux coordinates, 7 = v — y(Rq)n® is

oh . Oh oh .
~ i a on .
Y= 9y dq ayi dyza + 7 dz7.

From now on, we will omit the point p everywhere in order to simplify the notation.
We write our k-vector Z in coordinates:

Za:AﬁiJng 0 +C7, iﬁ
oyt ’Bayiﬁ

o 5P + DJ,

9
023"
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Now let us compute its image by the morphism b:

b(2) = iz, w® + (iz,n™)n"

- Z Z iz, (dy' A dyf) + Z(izadxa)dxa

a i€l a

= Z Z (iz,dy") dy — Z Z dy’ (iz,dys) + Z(izudxa)dmo‘
a i€l a i€l o

=3 > Bidyr = > > Crdy' + > ASda.
o del, o del, a

Comparing this expression with

oh . . 0Oh Oh _ .
a — « 2 « J
ga ne +v Ea dz® + 8yidy + ye dy;’ + 5‘2de ,

we get the following conditions on Z:

oh oh Oh ,
AY =1 — =0 - = — E ce. = B’
@ ’ 077 ’ oyt . o oy, @
that i€1.

oh
Furthermore, we know by hypothesis that A% = 2. The second condition P 0
2
is a compatibility condition of the Hamilton equations in the k-precosymplectic case.
It can be stated in the following way: the Hamiltonian function cannot depend on
the so-called gauge variables z?. The third and fourth equations, along with the
condition A2 = 62, are equivalent to the system of equations (9) when written in

coordinates (see equation (4)). This concludes the proof. O
Using the previous theorem we can give a description of the constraint algorithm.

0
First of all, we must restrict ourselves to the points such that 'y(—) =0, Vj, be-

8zi/)

cause it is a compatibility condition of the system. The j-ary constraint submanifold
M; C M;_; is defined as

M; = {p € M;_1 |32 = (Za) € (T4)M;_1 such that b(Z) =5+ >_ 0 and iz,n’ = 52},

where My = M.

Definition 5.3. Let C' — M be a submanifold of a k-precosymplectic manifold M.
The k-precosymplectic orthogonal complement of C is the annihilator

TCH = (b ((THC N De))”
where D¢ is the set of all k-vectors Z, = (Z,), on C such that izapng =08,

With this definition and Theorem 5.2 we can give an alternative characterization
of the constraints submanifolds:

M; = {p € M1 |7+ Zn;“ € ((TMj—l)ﬁ)O}-

Although this allows us to effectively compute the constraints at every step of the
algorithm, an alternative and equivalent way to compute the constraint submani-
folds given by the k-precosymplectic constraint algorithm, which is much more
operational, is the following:

(i) Obtain a local basis {Z1, ..., Z.} of (TM)*.
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(ii) Use Theorem 5.2 to obtain a set of independent constraint functions
fa=iz, G+ 0", (10)
(o3

which define the submanifold M; «— M.
(iii) Compute solutions X = (X,) to equations (2).
(iv) Impose the tangency condition of Xy,..., X) on M.
(v) Tterate item (iv) until no new constraints appear.
If this iterative procedure ends in a submanifold M; with nonzero dimension,

then we can ensure the existence of global solutions to equations (2) on this sub-
manifold M;.

Remark 6. The constraint algorithm works, in particular, for a singular Lagrangian
field theory (R* x T;Q,w%,dxo‘,L), and for its associated Hamiltonian formalism
on P. Nevertheless, in the case of the Lagrangian formalism, the problem of finding
SOPDE multivector fields which are solutions to the field equations is not considered
in this algorithm. These SOPDE multivector fields can be obtained, in some cases,
by fixing some arbitrary functions in the general solution to the field equations
on the final constraint submanifold M;. However, in general, looking for SOPDE
multivector fields solution leads to new constraints which define a new submanifold
Mg — My¢; hence, the tangency condition may originate more constraints and,
in the best of cases, we obtain a new final constraint submanifold Sy — My
where there are SOPDE multivector fields solutions tangent to Sy-. In the examples
analyzed in Section 6.1 we give some insights on how to proceed in these cases
(see, for instance, [18] for a deep study of these topics in singular mechanics).
Nevertheless a rigorous intrinsic characterization of all of these additional “SOPDE
constraints” in field theories is still an open problem.

Finally, notice that we can treat k-presymplectic field theories as a particular
case of k-precosymplectic field theories. In this case, we do not have the 1-forms n“
and we recover the k-presymplectic algorithm described in [14].

6. Examples.

6.1. Affine Lagrangians. In classical field theory affine Lagrangians are used
to describe some relevant models in Physics such as, for instance, the so-called
Einstein—Palatini (or metric-affine) approach to gravitation, and Dirac fermion
fields [9], among others.

Consider g : R*¥ x Q — RF as the configuration bundle of a field theory and its
associated phase space bundle of k-velocities 71 : RF x T,gQ — RF, with coordinates
(z%,q%,v"). In this phase space we consider an affine Lagrangian, that is, a
Lagrangian function L € C™(R* x T} Q) affine in the fibre coordinates v?,:

L(a®,q',vg) = ff (@, q")v), + 9(2*,¢") . (11)
Obviously such a Lagrangian is singular.
Remark 7. An affine Lagrangian can be alternatively defined from a 2-semibasic
k-form ¢ on R¥ x Q. From it a Lagrangian L, € C*®(R* x T} Q) is determined by
the equality

Lg(l‘,jé(ﬁx) Wy = [¢"(] (v),

where ¢ is any section of R¥ x Q — R* and w = d*z is the volume form of R¥. This
function is well defined and its local expression is that of an affine Lagrangian.
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Lagrangian formalism. Now let us reproduce the calculations given in Section 4.2
for an affine Lagrangian. We have

Er = A(L)-L=—g(z%¢") e C®R xTLQ),
« afl? i afl? 7 k 2k 1
and we have a k-precosymplectic structure (w¢,dz®, V) in RF x Tle where (z*) are
the coordinates of R*, V = ot and where the Reeb vector fields, determined
/U’L
i
0
by the procedure in remark 3, are R, = o Then
xa
oL o 69 n_ ag 7 6flu l ag u__ag J 8flV l I
dEL—I——axu dz" = e dzx 75‘qj dq¢’+ e v, + Fem dz" = —aqj dq —|——8mu v, dz" |

and, for a k-vector field X = (Xi,...,X;) € X¥(R¥ x T Q) satisfying the second
group of equations (7), we have that

o _, 09 ., 0

Xo=+—+F —~ — RF x T} 12
axa «@ aql + Gozl/ a’U,l/ € x( X kQ) ) ( )
thus of ofe of oo
. a _pl YN g _ 200 g0 L pl (Y 70 g9
X WL & Hph £ Ox g + o ((9(]3 aql q
and the first group of equations (7) leads to
aft
1 9
_F = 1
(- F)IL = 0, (13)
afs o Jf
879_ _ i - _Fol¢ % _ i ) (14)
0q7  Ox~ Oq g’

This is a system of (linear) equations for the component functions F', which allows
us to determine (partially) these functions and, eventually, gives raise to constraints
functions (depending on the rank of the matrices involved). If this last situation
happens, then the constraint algorithm follows by demanding the tangency condi-
tion for the vector fields X,. Observe also that, in any case, in these vector fields,
the coefficients G%,, are undetermined.
If we look for semi-holonomic k-vector fields X, it implies that F¥ = v* in (12).

Then, equations (13) hold identically, meanwhile equations (14) read

P9 O | (Wz_af) 0

O dz> "\ 0¢d  I¢
which are constraints. Then the tangency condition for the vector fields

o ,0 ., 0
gav TV gg T Cve g

o0 A o (ofr _0EY _
0¢f  Ox“ v\ d¢f  0¢ ’

which allows us to determine (partially) the functions G¥_ and, eventually, gives

ofp o1y

raise to constraints functions, depending on the rank of the matrix ( — )

X, =

l
o

leads to

dqi  9¢
In this last case, the constraint algorithm continues by demanding again the tan-
gency condition.
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Hamiltonian formalism. Let 71: R¥ x (T})*@Q — R* be the phase space bundle of
k-momenta. The Legendre map FL: R* x T}Q — R* x (T})*Q associated to the
Lagrangian L is

oL
v,
Observe that P = FL(R* x T Q) is defined by the constraints p!' = f!(z%,¢%);
hence it is the image of a section &: R¥ x Q@ — R¥ x (T})*Q of the projection
(mQ)(1,0): R* x (TH)*Q — R* x @, and then it can be identified in a natural way
with R* x Q. Therefore, as € o 7, is a surjective submersion with connected fibres,
then so is FLg: R¥ x T}Q — P (the restriction of FL onto its image P), since

FLy = £ om. In conclusion, affine Lagrangians are almost regular Lagrangians
and thus P is an embedded submanifold of R* x (T}})*@Q, which is diffeomorphic to

atoFL=at, ¢ oFL=q, ploFL=_-—==f"'x"¢).

R* x Q.
Therefore we can introduce
o 8fl? " af;: 7 k 2
w® = (8x#dx +8qj d¢’ | Adg® € Q4(P)

such that FL{Er = h and FL{w§ = w*. As above, n® = dz® and the Reeb vector
0
fields are R, = ——. Then
ox®
oh g dg , ; Og g | 1
_ B o w99 g 99 569, 99 40 99 4.
dh—Ra(h)dz" = dh py dz Dt dz g7 d¢’ + D dz g7 d¢’ € Q (P),
and, for a k-vector field X = (Xy,...,X}) € X¥(P) satisfying the second group of
equations (2), we have that

0 0

Xo=—+F —
OHxa « aql € x(P) ’
thus of
. afp o«
a _ gl l no_ J 7
ix,w* =F, e dx ey d¢’

and the first group of equations (2) leads to

Voxzh 1 9¢h  dxe T\ 9¢  9¢
As in the Lagrangian formalism, this system of (linear) equations allows us to deter-
mine (partially) the component functions F!, and, eventually, could give constraints
functions (depending on the rank of the matrices involved). If this last situation
happens, then the constraint algorithm follows by demanding the tangency condi-
tion for the vector fields X,,.

(15)

6.2. A simple affine Lagrangian model.

Lagrangian formalism. As a particular example we consider the model studied in
[19], which has R? x @ = R? x R? as configuration manifold, with coordinates
(1,22 ¢, ¢?). The Lagrangian formalism takes place in R? x @2T'Q, with coordi-
nates (1,22, ¢, ¢?, v, v}, v}, v3), and the Lagrangian is given by

L =2*(q"v} + ¢*03) + 4" ¢*;
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that is, the functions in Eq. (11) are
fl=0, fi=a%", f,=0, fi=2", g=4d'¢.
Since the Lagrangian is affine the energy is simply
Ep=—q'¢’
and then
dE;, + % da* = —¢*dq" — ¢"d¢® + (¢'vg + ¢*v3)da” .
We have the forms

nt=dat, n?=da?; wp =0, w%:—qldIQ/\dqlfqzdx2/\dq2,

and the Reeb vector fields
0 0
—, Ro=—.
art’ T fa?
A generic 2-vector field X = (X1, X») € X2(R? x @2TQ) satisfying the second group
of equations (7) has the form

0 0 0 0 0 0 0

Ry =

X1:@+F181+F182+G118 1+G12a 1+G118 2+G128

0 0 0 0 3 3] 8

X2:@+F26 1+F282+G218 1+G228 1+G218 2+G228
thus

ix,wi = ixywi = (Fyq' + F3q*)da® — ¢'dq" — ¢*dg?
and conditions (13) and (14) read
(03 = Fy)q' + (3 = F3)¢* =0, ¢' —¢*=0. (16)

The constraint {; = ¢! — ¢? defines the submanifold S; — R? x @2TQ. Next, the
tangency conditions on this submanifold lead to

Xi(Q)=F —F/ =0, X(Q)=F ~F; =0 (&), (17)
which, together with the first equation in (16), determine that F}' = F? and F)} =
Fi= %(v% +v3) (on Sy).

If we look for semi-holonomic k-vector fields X, we have that F} = vi, F2 = v?,

F} =}, F} = v3; then the first equation in (16) holds identically and the tangency
conditions (17) give two new constraints

G=Xi(G)=v —vi=0, G=Xo(G)=v;-vi=0 (on&),

which define the submanifold Sy — S; < R? x ®?TQ. Finally, the tangency
conditions for these constraints lead to the relations

X1(¢2) = Gh - G%l =0, Xa(G)= G§1 - Ggl =0 (onSy);
X1(G3) = G%z - G%z =0, Xo(@)= G%z - G%Q =0 (on &),

and, taking (2!, 22, ¢!, v}, v}) as coordinates in Sy, the final solution is

= — Vi —— e
S, Ox! Logt vy
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Hamiltonian formalism. The Hamiltonian formalism takes place in R? x @?T*Q
which is endowed with local charts of coordinates (z', 2%, y', %2, pl, p?, p3, p3). The
Legendre map FL: R2 x ®2TQ — R? x @2T*(Q is given by

1 r,1 .2 2

2,01 .2 .1 .2 1 2 _ 1 .2 1 2,
Yy LYY aplaplap2ap2) - fL(I L4 54 71}17’0271)131}2)

= (z',2%,¢",¢%0,2°¢",0,2%¢) .

(z

Its image is the submanifold P of R? x @2T*(Q given by the primary constraints
p1=0, pi=2%¢", py=0, p;3=2¢;
so, we can describe P with coordinates (z!, 2%, ¢*,¢?). In P we have the forms
nt=dzt, p?=d2?; wl=0, w?=—-¢'dz?Ad¢'—¢*>dz?Adg?,
and the Reeb vector fields

0 0
Ri=— Ro = —=
LT g1 27 92
The Hamiltonian function is
h=—¢'¢,
and then oh
dh — Er dat = —¢?dq* — ¢*dg® .

A generic 2-vector field X = (X1, X3) € X%(P) satisfying the second group of
equations (2) has the form
0 1 0

= —_— F*
8x1+ L agt

, 0 o .0

X1 +F187q2’ X2:@+F287q1+F

thus
ix,w* = ix,w? = (Fyq' + Fi¢®)da® — ¢'dq" — ¢*dg®.
In this case, conditions (15) read
Fyg* +F3¢* =0, ¢'—¢*=0. (18)

The constraint £; = ¢! — ¢? defines the submanifold P; — P. Next, the tangency
conditions on this submanifold lead to

Xi(&)=F —F =0, Xo(&4)=F, —F;=0 (onP1),

which, together with the first equation in (18), determine that F}l = FZ and Fj =
F3 (on Py). Therefore, taking (z!, 22, ¢') as coordinates in P, the final solution is

9 . 9 L9
X, g TG K2l T T

Observe that FL*(&1) = (1, but the Lagrangian constraints (5, (3, which establish
relations among the coordinates on the fibers of the Legendre map, are not FL-
projectable since they arise as a consequence of the semi-holonomy condition. Thus
FL(S1) = FL(S2) = P1. It is also interesting to point out that none of the
Lagrangian solutions to the family (19) are F L-projectable, unless we restrict them
to the submanifold S3 < Sy — S; — R? x ®?TQ defined by the additional (non
F L-projectable) constraints v; = 0 and v = 0. In that case, there is only one
F L-related solution tangent to Sz, which is locally given by
0 0
Ozt 27 9x2
and it projects trivially onto a solution on P; which is obtained from the family
(19) by taking F! = F} = 0. Observe also that FL(S3) = P;.

(19)

X1
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6.3. A singular quadratic Lagrangian.

Lagrangian formalism. As another example we consider the Lagrangian function
1 1 1
L=—¢+ 0% —-1¢%,
2¢ % " 3 g s
with two independent variables (t,s) € R? and two dependent variables (g,e) €
Q = R x RT; the corresponding natural coordinates of R? x @?TQ are written
(t,5;q, €;qt,qs, €1, €5). AlsoT € R is a constant parameter and o = o(t, s) € Coo(R?)
is a given function. This Lagrangian is very similar to the one introduced in [14]
but letting one of its parameters to be a given function in order to illustrate the
non-autonomous setting.
First we need to compute several geometric objects:

0 0 0 0
Ji=—®d —®d J'=—®d d
8qt® q+ 8et® e, 8qs® q+ 86$® e,
1o} 0 0 0
A= q— —_ Ay = qs— s—, A=A+ A;.
t = qt 8qt+et e, q 8qs+6 de. ¢+

Now we compute the Poincaré—Cartan forms:

1
0, =dLoJ'=-q;dg, 0] =dLoJ®=—7gsdq,
(&

q 1 s s
wh = —d} :e—;de/\dqf;dqt/\dq, wi = —df7 =7dgs ANdgq.

We also need the Lagrangian energy:

1 1 1
Now we consider a generic 2-vector field X = (X;, X,) on the phase space R? x
®2TQ and consider the k-cosymplectic Euler-Lagrange equations (7) for it. After

applying the second group of equations, ix,dz® = 62‘, the form of X is given by

1o} 0 0 0 0 0 0
X —— qu Bei CQti Cqs Ceti Ces
e TP e T Ptae T ag T ag, T e T e,
XSZE_’_BqE_’_BEEJ'_thiJ’_CqS 9 +C€ti+ces 9

0s * 0q * Oe * Oqs S Oqs * ey S Oey
Now we apply the first equation of the k-cosymplectic Euler-Lagrange equations,

ix, wi =dFEL + —dz®. Equating the coefficients of the differentials we obtain:

ox™
e 62 1 q q
Bt = - 7Ctt77—cgs ) Bt =dqt, Bg:(JSa
gt \ €

2
4 2
= =0".
o2
From these equations, three coefficients of X are determined from the variables and
the other coefficients; the last equation is a constraint,

1/ q?
4122(62_0-2)5

whose vanishing defines a submanifold S; of R? x @2T'Q. At this stage, X has nine
undetermined coefficients.
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Finally, we analyze the tangency of X (that is, of its components X;, X;) to S;.
Imposing X;(C1)]s, =0, Xs(¢1)|s, = 0, we obtain two additional relations between
the undetermined coefficients (on S;), and no more constraints.

To complete our analysis we will study the k-cosymplectic Euler-Lagrange equa-
tions with the second-order partial differential equation condition. The generic
expression of X is given by

0 0 0 @ 0 . 0 e, O . 0
X, = 8t+qt8 —i—eta + C 90 + C 4. +C; 8t+ct Be.
0 0 0 0 0 0 0
= — - qt _— qs . €s
X 8s+q56q+658 + (1 at+CS 4. . 3t+08 ae.

Now the first equation of (7) yields two identities, a relation between the coefficients,
1

namely etq—; —=C¥+7C% =0, and the same constraint (; as above. The tangency
e e

of X to the submanifold S; determines the coefficients Cy* and C% (on &), and no

more constraints appear. So & is left with 5 undetermined coefficients.

Hamiltonian formalism. The Hamiltonian formalism takes place in R? x @27T*Q,
where we use natural coordinates (¢, s; q, e; pt, p*, wt, 7°).
The Legendre map FL: R% x ®2TQ — R? x @2T*Q is given by

1
]:L(t, S;Q7e;qt7q57et7es) = (t75§q7€§ g(hy _Tq370a0> .

The primary Hamiltonian constraint submanifold P of R? x @2T*(Q is defined by
the constraints

=0, w°=0.
Using (t, s;q, e;p',p®) as coordinates on the submanifold P, its 2-precosymplectic
structure is given by
nt =dt, n®=ds, w'=dgAdp’, w®=dgAdp’.
Then,
ker n* N ker n® Nker w’ Nkerw® = <§e> .

The Reeb vector fields are

0 0
R = L Rs = 75
The Hamiltonian function on P is
_ 1 t\2 1 2, i 5\2
h=5e@) —507e—o-(°)
Consider a 2-vector field X = (X;, X;) € X?(P):
0 0 0 0 0 0
= A} A? B} B? Cl = +0C?—
tgr T s T Pige T Pige T i g T i g
0 0 0 0 0 0

_Alf A27 Blf B27 Cli CQ
sor T Moas TP TP ge T g T g

Now, Hamilton equations are written as
i(Xp) wh +i(Xs) w® = dh — dh(Ry)nt — dR(Rs)n®,
iX)nt=1, i(X)n*=0, i(Xg)n' =0, i(Xs)n®=1,
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which partly determine the coefficients of X’:

B} =ep,
B; = =1p*,
Ci+C2=0,

Al=1, A?=0,
Al=0, A?2=1,

and imposes as a consistency condition the secondary Hamiltonian constraint

0
fzi(ae) dh = %(pt)2—%02 =0 (on?P),

which defines the submanifold P; < P. The tangency condition to this new sub-

manifold, X;(¢)|p, =0, X,(£)|p, = 0, determines the coefficients C} b= Z%ag—j,
1

! = lt Ua—a, and yields no more constraints.

P, pt o Os

Observe that FL*(&) = (1, so FL(S1) = P1 and, as the semi-holonomy con-

dition does not originate constraints in the Lagrangian formalism, there are no

non-F L-projectable Lagrangian constraints.

S

7. Conclusions and outlook. In this paper the concepts of k-precosymplectic
manifold and of k-precosymplectic Hamiltonian system have been introduced, and
we have proved the existence of global Reeb vector fields in these manifolds. We have
developed a constraint algorithm for k-precosymplectic (i.e. singular) field theories
in order to find a submanifold of the phase bundle where there are solutions to
the field equations. This algorithm can be applied to the Hamiltonian and to the
Lagrangian formalisms of these field theories. In particular, the algorithm allows
to find a submanifold where there are multivector fields which are solutions to
the geometric field equations, and they are tangent to the submanifold. These
multivector fields are not necessarily integrable on this submanifold, but perhaps
on a smaller submanifold of it.

In addition, in the case of the Lagrangian formalism, the problem of finding
SOPDE multivector fields solution to the field equations has been briefly discussed,
but the problem of giving an intrinsic characterization of the “SOPDE constraints”
is a topic for further research.

Furthermore, an open problem is to find conditions to ensure the existence of
some kind of Darboux coordinates in both k-presymplectic and k-precosymplectic
manifolds. Work on this subject is in progress.

Finally, the constraint algorithm has been applied to classical field theories de-
scribed by affine Lagrangians, analyzing the Hamiltonian and the Lagrangian for-
malisms and, in this last case, the SOPDE condition. In a future work we would like
to apply this analysis to the study of some models in General Relativity described
by metric-affine Lagrangians, such as the Einstein—Palatini model.
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